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H\’enon map ( H\’enon family ) , $R^{2}$ 2
$2$-parameter family .
$H_{a,b}(x,y)=(by+a-x^{2},x)$ .
Jacobian constant $-b$ , $b\neq 0$ $IhH_{a,b}$ diffeomorphism . Affine
map , .




. “ ” ?
, “ 2 .
$R$ 2 ( 2 ) , 1 , $a-x^{2}$
( $x^{2}+a$ ) . standard 2




, . diffeomorphism , $C^{2}$ di#eomorphism
. acobian , non-zero
. , 2 $R^{2}$ $C^{2}$




2, . , $i$ ‘ $R^{2}$
2 diffeomorphism , ,
nontrivial H\’enon map ” .
, diffeomorphism ,
polynomial automorphism . Friedland-Milnor[FM] , $R^{2}$ $C^{2}$
poIynomial automorphisms , .
,
THEOREM [FM]. $R^{2}$ $C^{2}$ polynomial aut$om$orph$ism$ , generalized H\’enon




, generalized Henon map ,
$g(x,y)=(y,q(y)-\delta\sim)$
. $p(y)$ c‘ , $q(y)$ $y^{d}+c_{d-2}y^{d-2}+\cdots+c_{1}y+c_{0}$
monic polynomial .
\S .1 HENON MAP MOTIVATION
(1 ) motivation , , H\’enon map
diffeomorphism . diffeomorphism
dynamics , H\’enon map .
.
1 2 standard family universal family . ,
unimodal map kneading sequence , sequence
3. H\’enon family ? (
...)
2 , orbit structure
topoIogical $\dot{l}nvar$ Iant (1 kneading sequence )
, .
(2) , (1 ) , H\’enon map horse
shoe $ma_{P^{t}}$ . Devaney-Nitecki [DN] ,
$a$ $(a\geq 2(1+|b|)^{2} )$ H\’enon map horse shoe map
, $a<-(1+|b|)^{2}/4$ $fh\Omega(H_{a,b})=\emptyset$ .
, homoclinic point , horse shoe map
subsyStem , nontrivial non-linear system homoclInic
$po$ Int . , horse shoe map ,
.
(3) (1 ) , H\’enon map
H\’enon attractor attractor , $dissipatlve$




(4) Quadratic map unimodal map ,
. H\’enon map $b$ $0$ 1 quadratic map ,
, 2 diffeomorphism ? , unimodal
map *-product renormalization $st$ ructure , 2
diffeomorphism .
(5) H\’enon map $b=-1$ area preserving map l-parameter family .
$H$ $-1<a<3$ elliptic ed point . ed point
, Hamiltonian system , invariant $c\dot{l}rcle$ islands
, . H\’enon map , area preserving map ( $symplect|c$
maP) paradigm .
4Area preserving map H\’enon map , H\’enon
map $a$ horse shoe map , KAM theoretic
, Bernoulli system ,
. , H\’enon map $b=0$ standard unimodal map
. , quadratic map ,
\, .
(6) H\’enon map $C^{2}$ diffeomorphism .
Hubbard-Oberste-Vorth , compIex H\’enon map att ractive
periodic point , basin Fatou-Bieberbach domain .
Fatou-Bieberbach domain , sink basi $n$
.
, Fatou-Bieberbach domain ,
H\’enon map .
\S .2 H\’ENON MAP
H\’enon map , .
, \, $\rceil$ kneading sequence
,
. , H\’enon map diffeomorphIsm , 1 quadratic
map critical point .
H\’enon map , ,
“ ” . ,
. , H\’enon map
.
. .
(1) Henon [H] :H\’enon map . H\’enon ,
Lorenz attractor strange attractor ,
5“ reduntionist approach ” .
, Poincar\’e map diffeomorphism
, strange attractor diffeomorphism
. , ( H\’enon map )
diffeomorphism strange attractor
.
H\’enon ( H\’enon attractor ) attractor ,
scaling structure , attractor transversal Cantor set
( ).
H\’enon Poincar\’e map , $H(z, y)=(y+1-az^{2}, b\sim)$
, $a=1.4,$ $b=0.3$ orientation reversing case ?
(orientation preserving H\’enon map non-trivial attractor ).
(2) Devaney-Nitecki [DN] : ,
H\’enon map ,
. H\’enon map standa $rd$
$H(x, y)=(By+A-x^{2}, x)$
. $A,$ $B$ , $A_{0}=-(1+|B|)^{2}/4,$ $A_{1}=2(1+|B|)^{2},$ $A_{2}=(5+$
$2\sqrt{5})(1+|B|)^{2}/4,$ $R=(1+|B|+\sqrt{(1+|B|)^{2}+4A})/2$ ,
THEOREM [DN]. (j) $A<A_{0}$ $\Omega(H)=\emptyset$ .
$(\ddot{n})A\geq A_{0}$ $\Omega(H)$ $S=$ { $(x,$ $y)|$ $\leq R,$ $|y|\leq R$} .
(iii) $A\geq A_{1}$ $A=\bigcap_{b\in z}H^{n}(S)$ topological horsesh$oe$ . $B\neq 0$
$Ih\Omega(H)$ $2$-shift semi-conjugacy .
$(i_{Y})A>A_{2}$ $\mathfrak{l}h\Omega(H)$ hyperbolic set , $2-sAift$ conjugate .
$A_{0}$ $B\leq 0$ optimaI . $A\geq A_{0}$
. $B>0$ optimaI . H\’enon map
$A\geq-(B-1)^{2}/4$ , 2 $A\geq 3(B-1)^{2}/4$ ,
6$B$ rouwer translation theorem (cf. Math.Ann. $72(1912)37-54$ , BuII.AMS $71(1965)381-383$ )
, $A<-(B-1)^{2}/4$ non-wandering $po$Int . , $A\geq-(B-1)^{2}/4$
$\Omega(H)\neq\emptyset$ .
$A_{1},$ $A_{2}$ optimaI . H\’enon map horseshoe map
, first homoclinic tangency hyperbolic
horseshoe map .
Marotlo [Mar] , H\’enon map
homoclinic point .
(3) El-Hamouly-Mira [EM1, EM2] : , H\’enon ma $p$
, cusp connection ,
standard quadratic map H\’enon map
. H\’enon map
, 1 quadratic map self-similar structu $re$
.
(4) [U1] : $[\cup 1]$ Hamouly-Mira H\’enon map
, . cusp connection
$\ovalbox{\tt\small REJECT}$‘|\rfloor .
[Sanl] $[\cup 1]$ $Aa$ , cusp connection
.









$f(z, y)=(y+2\Delta t\sim(1-\sim), \sim)$
, $\sigma(\sim, y)=((x/\Delta t+1)/2, (y/\Delta t+1)/2)$
( $H=\sigma^{-1}f\sigma$ ),
$H(x, y)=(y+\Delta t-\sim^{2}, x)$
$b=1$ H\’enon map .
, H\’enon map . $H$ $H^{-1}$
$s(x,y)=(-y, -x)$ . .
, $b=1$ H\’enon map , topological
heteroclinic point , topoIogical horse shoe
. , $a$ rea-preserving orientation reversing H\’enon map
, ( $perlod_{IC}$ point ) ,
( $?$ ).
(6) Devaney [D] : $b=1$ $b=-1$ , H\’enon map (5)
, transversal
homoclinic heteroclinic point .
(7) Holmes-Whitley [HW] : , H\’enon map [
, regularity condition , 1
2 , diffeomorphism (generic ) H\’enon type
2-para meter family
$F_{\mu,\epsilon}(x, y)=(y, -\epsilon\sim+f_{\mu}(y))$




(i) $\epsilon=0$ ( unimodal map ) branch $\epsilon=1$
( $a$ rea-preserving map) .
(ii) branch , $\epsilon=0$ $\epsilon=1$ {1| (
branch ).
(iii) $\epsilon=0$ homoclinic bifurcation point Cantor fan \ (homo-
clinic bifurcation branch Cantor set ).
(iv) cubic type homoclinic tangency b\langle !7-\pm .
(8) Fournier-Kawakami-Mira $[FKM1-3],[K]$ :horseshoe ma $P$ stable
non-linearity 1 unimodal map ,
1 1 . H\’enon map unimodal map
, horseshoe map
, . [FKM2],[FKM3],[K] horseshoe map
, symmetric $symmetr|c$ image pair
, H\’enon ma $P$ global .
, H\’enon map Morse-Smale , [FKMI]
.
(9) Hubbard-Oberste-Vorth $[Hu],[HuO]$ : Hubbard
, , H\’enon map
comp[ex , complex H\’enon map
. motivation , Fatou-Bieberbach domain ( $C^{n}$
biholomorphic $C^{n}$ comp[ement )
. H\’enon map attractive periodic point
, basin Fatou-Bieberbach domain $[HuO]$
. Fatou-Bieberbach domain ,
9conpIement .
$K\pm=$ { $(\sim,$ $y)\in C^{2}||H^{\pm n}(x,$ $y)|$ does not tend to $\infty$ } and $U\pm=C^{2}\backslash K\pm$
. $K_{+}$ 1 filled In Julia set . $[HuO]$ $\sigma_{\pm}$
, $H$ . , 1
$h_{\pm}( \sim, y)=\lim\underline{1}log_{+}|H^{\pm n}(x, y)|$
$narrow\infty 2^{n}$
pIuri-harmonic submersion $h\pm$ : $U\pmarrow n_{+}$ . $log_{+}(x)=$
$\sup\{logx, 0\}$ . $S^{s}$ solenoid $\Sigma_{0}$ , $h+$ : $U+arrow R_{+}$ $S^{3}\backslash \Sigma_{0}$
fiber fibration . , $\sigma_{\pm}$ $\pi_{1}(l^{r_{\pm}})\cong Z[\frac{1}{2}]$
. , .
(10) Mihor [M] : , real H\’enon ma $p$
. Newhouse
Katok-Mendoza , H\’enon map topoIogical entropy
$a,$ $b$ | , .
Devaney-Nitecki [DN] , $b$ fix , $a$ ,
H\’enon map topological entropy , $[0, log2]$ .
, .
THEOREM [M]. $b$ $\Sigma_{b}\subset[0, \infty]$ , $H_{a,b}$ expansive
$h(H_{a,b})\in\Sigma_{b}$ .
$b$ , H\’enon map expansive topo[ogicaI entropy
. Sard
, Milnor .
(11) IIViedland-Milnor [FM] : $C^{n}$ $R^{n}$ polynomial map
, polynomial polynomial automorPhism . [FM] $C^{2}$
10
$R^{2}$ poIynomial automorphism ,
.
, polynomial automorphism
. periodic point non-wandering set
. comp[ex case topo[ogical entropy , elementa $ry$ map
$0$ \sim cyclically reduced (i.e. elementary ) , $logd(d$
map degree) . Smillie [$Sm|$
. compSex H\’enon map topological entropy
$log2$ . Real comp[ex .
$[FM]$ .
JACOBIAN CONJECTURE. polynomial mapping constan $t$ non-zero Jacobian
, polynomial .
(12) Cvitanovic-Gunaratne-Procaccia [CGP] :
, H\’enon map topoIogical invariant
,
.
. H\’enon ma $P$ $a$ horseshoe
map . horseshoe map non-wandering set Cantor set $\cross$
Cantor set . Horseshoe H\’enon ma $P$ non-wandering set
, A $=Cantor$ set $\cross Cantor$ set subset
. , A
. H\’enon map dynamics , A invariant subset
.
, A primary tangecy
. primary tangency ,
, , H\’enon
map fold tangency . A
11
, A , iterated
Image . , .
pruning front (prune ).





H\’enon map , [DMS]
, .
Cvitanovi\v{c} [AACI], [AAC2] cycle expansions
. , \mbox{\boldmath $\zeta$}- ,
, dynamics
, 1 2 non-|inear map
. unimodal map Feigenbaum constant 15
. .
(13) [San2] : $[\cup 1]$ [EM1], [EM2] cusp
connection , H\’enon ma $p$ topological type
. , hyperbolic fixed point , self-similar
.
, parameter space global self-similar struct $ure$
, renormalIzation operator ,
hyperbolic fixed point global
non-linearity renormalization operator ,
.
orientation preserving case HoImes , [San2]
[Hol].
[Shil], [Shi2] Lozi map $pa$ rameter space connection relation
.
12
(14) Benedics-Carleson [BC] : Mora Viana
, , (real
) H\’enon map [ $|b|$ , strange attractor
. , ‘critical point ”
.
(15) Biham-Wenzel [BW] :




. 1989 , Biham Wenzel H\’enon map
, .
Aubry-Mather Lagrangian ,
$p$ critical point $\int_{\llcorner}^{-}$ ] ‘f 1 $R^{p}$ gradient vector
field . critical points , .
, . [GKM] ,
.
. , [DMS] , hyperbolicity
, Biham-Wenzel ; \langle , 20
, ( , 20
100 ).
(16) $Davis-MacKay-SannaI\dot{m}$ [DMS] : $b=-1$ (area and orientatin preserving









3 hyperbolic case , missing block expression
. missing block expression Cvitanovi\v{c} pruning front
, H\’enon map ,
.
(17) $B$edford-Smiuie [BS1-4] : ,
complex H\’enon map .
$K\pm$ (9) , $J\pm=\partial K\pm,$ $K=K+\cap K_{-},$ $J=J+\cap J_{-}$
( $J$ 1 Julia set $\int$ ). ,
(i) $K$ $pe$ rfect set .
(II) $K\pm,$ $J\pm$ .
(iii) $\Omega$ int $K+$ $\theta\Omega=J+$ .
(iv) $P$ sink, $B$ basin $\partial B=J+$ .
(v) $H$ 2 basin component , $J+$ embedded topological
ma nifold .
(vi) $P$ saddle , $W^{s}(p)$ $J+$ dense .
(vii) $p$ sink, $B$ basin . 1 algebraic variety $V\subset C^{2}$ ,
$B\cap V\neq\emptyset$ $V\not\subset\overline{B}$ .
(viii) $J$ hyperbolic set , $J$ dense .
[BS1] complex H\’enon map strange attractor .
attractor sInk . (1 1 ) topological
entropy $log2$ . real complex .
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